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Abstract

We consider a family of third-order ordinary differential equations (ODEs)
with the cubic nonlinearity in second-order derivative, which is closed with
respect to contact transformations. Using Lie’s infinitesimal method we
construct the basis of differential invariants for this family of equations and
the operators of invariant differentiation. Invariants provide a simple way of
finding the equations, which may be equivalent to a given nonlinear ODE and
the transformation connecting two equivalent equations. Some examples are
given to illustrate the results obtained in the paper.

PACS numbers: 02.30.Hq, 02.30.Ik

1. Introduction

It was noted by Lie [1] that the family of third-order ordinary differential equations (ODEs)

y ′′′ = S(x, y, y ′)y ′′3 + 3R(x, y, y ′)y ′′2 + 3Q(x, y, y ′)y ′′ + P(x, y, y ′) (1)

is closed with respect to an arbitrary invertible contact change of variables

x̄ = �(x, y, y ′), ȳ = �(x, y, y ′), ȳ ′ = �(x, y, y ′), (2)

� = D�/D�, (�x + y ′�y)�y ′ − (�x + y ′�y)�y ′ = 0. (3)

Here D = ∂x + y ′∂y + y ′′∂y ′ + · · · is the operator of total derivative and the subscripts stand for
partial differentiation.

Transformation (2) is an equivalence transformation for equation (1). It relates equation
(1) to an equation of the same form

ȳ ′′′ = S̄(x̄, ȳ, ȳ ′)ȳ ′′3 + 3R̄(x̄, ȳ, ȳ ′)ȳ ′′2 + 3Q̄(x̄, ȳ, ȳ ′)ȳ ′′ + P̄ (x̄, ȳ, ȳ ′), (4)
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where the functional dependence of the coefficients P̄ , Q̄, R̄, S̄ on x̄, ȳ, ȳ ′ may be different
from that of P,Q,R, S on x, y, y ′ in the ODE (1). Similarity reductions of partial differential
equations (PDEs) often lead to ODEs of the form (1). However, it is not always evident how
to integrate these ODEs. One way is to find another equation (4) with a known solution, which
is related to the given ODE (1) by an invertible transformation (2). This equivalence problem
may be solved by use of the invariants of the group of contact equivalence transformations of
the family of equations (1). These invariants are usually referred to simply as invariants of
the corresponding family of equations. Equations (1) and (4) are equivalent with respect to a
contact transformation (2) iff all their invariants are equal.

There are two systematic approaches to the equivalence problem for differential equations:
Lie’s infinitesimal method and Cartan’s equivalence method. But most of the authors applying
Cartan’s method [2] do not provide explicit formulas for invariants of the families of equations
under study, except perhaps the paper [3], where the equivalence problem is solved explicitly.

Lie’s infinitesimal method is more widely used [4]. Based on ideas outlined by Lie [5],
this approach has been developed in Ovsyannikov’s book [6] for infinite Lie groups and has
been applied later in [7] to equivalence transformation groups. The group of transformations
can possess infinitely many differential invariants [6]. As follows from [6, 8] there exists the
finite basis of differential invariants such that all other higher order invariants of the group are
obtained from the basis ones by algebraic operations and invariant differentiations. The order
of an invariant I is defined by the highest order of derivatives of functions P,Q,R, S with
respect to x, y, y ′ involved in I. Operators D of invariant differentiation satisfy the condition:
if I is an invariant of equation (1), then DI is its invariant too. The number of independent
operators of invariant differentiation coincides with the number of variables on which depend
the arbitrary elements (functions P,Q,R, S) in equation (1).

The linearization problem is a particular case of the equivalence problem when one of
equations (1) and (4) is linear. It has been studied in detail in [9, 10]. Linearization criteria
for the third-order ODE (1) have been obtained in [9] by Cartan’s method and then in [10]
by direct approach. The problem of equivalence to Chazy equations with respect to point
transformations (when �y ′ ≡ 0, �y ′ ≡ 0 in (2)) is solved in [11] for a particular case of
equation (1) corresponding to S(x, y, y ′) ≡ 0.

The outline of the present paper is as follows. In section 2 we apply Lie’s method
to construct the basis of third-order invariants of equation (1) and find three independent
operators of invariant differentiation. In section 3 several examples show how the invariants
can be applied in solving the equivalence problem. Concluding remarks are made in
section 4.

In the calculations presented here, we have used computer algebra tools for checking
the results obtained and some tedious computations. Finally, expressions (7)–(12) have been
written in the Maple package, and the invariants in all examples of section 3 have been obtained
by substituting the concrete functions P(x, y, y ′),Q(x, y, y ′), R(x, y, y ′), S(x, y, y ′) into
these formulas.

2. Invariants of equation (1)

The nth-order differential invariant I of equation (1) is found from the invariance criterion
X̃I = 0 [6], where X̃ is the generator X of the group of contact equivalence transformations
of equation (1) extended to the derivatives of P,Q,R, S up to the nth order. In our study
of invariants of equation (1), we use two results established in [10], which may be stated as
follows.
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Lemma 1. Generator X of the group of contact equivalence transformations of equation (1)
has the form

X = −wy ′∂x + (w − y ′wy ′)∂y + (wx + y ′wy)∂y ′ + π∂P + κ∂Q + ρ∂R + σ∂S, (5)

where w = w(x, y, y ′) is an arbitrary function known as the characteristic function of the
group of contact transformations (2), π , κ , ρ, σ depend on x, y, y ′, P ,Q,R, S as

π = d3w − 3Q d2w + P(3 d(wy ′) + wy), σ = wy ′y ′y ′ − S(3 d(wy ′) + 2wy) + 3Rwy ′y ′ ,

κ = d2(wy ′) + d(wy) − 2R d2w + Q d(wy ′) + Pwy ′y ′ ,

ρ = d(wy ′y ′) + wyy ′ − S d2w − R(dw)y ′ + 2Qwy ′y ′ , d = ∂x + y ′∂y.

(6)

Lemma 2. Equation (1) does not have nontrivial algebraic invariants and differential
invariants of the first and the second order.

Therefore, we should search the third-order invariants

I (x, y, y ′, P ,Q,R, S, Px, Py, Py ′ , . . . , Sy ′ , Pxx, . . . , Sy ′y ′ , Pxxx, . . . , Sy ′y ′y ′)

of equation (1). For the most compact representation of results, we use so-called pseudovector
fields [12], which depend on the derivatives of P,Q,R, S of the first order

α = Sx + y ′Sy − Ry ′ + 2QS − 2R2, β = Rx + y ′Ry − Qy ′ + PS − QR,

γ = Qx + y ′Qy − Py ′ + 2PR − 2Q2,
(7)

second order

A1 = αy ′ + 2Rα − 2Sβ + 2Sy, A2 = αx + y ′αy + 2Qα − 2Rβ + 2Ry,

B1 = βy ′ + Qα − Sγ + 2Ry, B2 = βx + y ′βy + Pα − Rγ + 2Qy,

1 = γy ′ + 2Qβ − 2Rγ + 2Qy, 2 = γx + y ′γy + 2Pβ − 2Qγ + 2Py,

A0 = A2 + 2B1, B0 = 2B2 + 1,

(8)

third order

M1 = A1y ′ + 3RA1 − SA0, M2 = A1x + y ′A1y + 3QA1 − RA0,

M3 = A0y ′ + 3QA1 + RA0 − 2SB0, M4 = A0x + y ′A0y + 3PA1 + QA0 − 2RB0,

M5 = B0y ′ + 2QA0 − RB0 − 3S2, M6 = B0x + y ′B0y + 2PA0 − QB0 − 3R2,

M7 = 2y ′ + QB0 − 3R2, M8 = 2x + y ′2y + PB0 − 3Q2,

L1 = A1y + 1
2 (αA0 − 3βA1), L2 = A0y + αB0 − 1

2 (βA0 + 3γA1),

L3 = B0y + 1
2 (3α2 + βB0) − γA0, L4 = 2y + 1

2 (3β2 − γB0)

(9)

and their combinations: the relative invariants

a = 3A1B0 − A2
0, b = 9A12 − A0B0, c = 3A02 − B2

0 ,

j0 = 3cL1 − bL2 + aL3 + 3
2A1(3M2M8 + M4(M7 − M6) + M5(M6 − 2M7))

+ 1
2B0(3M1M6 + 6M2(M5 − M4) + M3(M4 − 2M5)) + 3

2A0((M3 − 2M2)M7 − M1M8)

+ 1
2A0

(
2M2

4 − 2M4M5 + M2
5 − M3M6

)
+ 3

22
(
6M2

2 − 3M2M3 + M2
3 − M1(M4 + M5)

)
,

3
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j1 = cL2 − bL3 + 3aL4 + 3
22((2M2 − M3)M4 + (M3 − M2)M5 − 3M1M7)

+ 1
2A0(M6(2M4 − M5) + 6M7(M5 − M4) − 3M3M8) + 3

2B0(M1M8 + M2(2M7 − M6))

+ 1
2B0

(
M3M6 − M2

4 + 2M4M5 − 2M2
5

)
+ 3

2A1
(
(M4 + M5)M8 − M2

6 + 3M6M7 − 6M2
7

)
,

j3 = A0M1 − 3A1M2, j4 = 2B0M1 + A0(M3 − 2M2) − 3A1M4,

j5 = 32M1 + B0(2M3 − M2) + A0(M5 − 2M4) − 3A1M6,

j6 = 32M3 + B0(2M5 − M4) + A0(M7 − 2M6) − 3A1M8,

j7 = 32M5 + B0(2M7 − M6) − 2A0M8, j8 = 32M7 − B0M8,

i1 = 10B0j3 − 4A0j4 + 3A1j5, i2 = 302j3 + 2B0j4 − 5A0j5 + 9A1j6,

i3 = 62j4 − B0j5 − A0j6 + 6A1j7, i4 = 92j5 − 5B0j6 + 2A0j7 + 30A1j8,

i5 = 32j6 − 4B0j7 + 10A0j8,

k1 = 42i1 − B0i2 + 2A0i3 − A1i4, k2 = 2i2 − 2B0i3 + A0i4 − 4A1i5,

k3 = 5(32b − 2B0c)M1 + 3(B0b − 62a)(2M2 + M3)

+ (A0b − 6A1c)(4M4 + M5) + (3A1b − 2A0a)(2M6 − M7),

k4 = (32b − 2B0c)(2M3 − M2) + (B0b − 62a)(M4 + 4M5)

+ 3(A0b − 6A1c)(M6 + 2M7) + 5(3A1b − 2A0a)M8

(10)

and

J1 = c(3M2 − M3) + b(M5 − M4) + a(M6 − 3M7), J2 = 32L1 − B0L2

+ A0L3 − 3A1L4 − M1M8 − 2M2M7 + M2M6 + M3M7 +
(
M4M5 − M2

4 − M2
5

)/
3,

J3 = 2c2M1 − bc(M2 + M3) + (b2 + 2ac)(M4 + M5)/3 − ab(M6 + M7) + 2a2M8,

J4 = 4i1i5 − i2i4 + 3i2
3 , J5 = cj 2

0 − bj0j1 + aj 2
1 ,

J6 = c
(
20j3j7 − 8j4j6 + 3j 2

5

)
+ b(6j4j7 − 50j3j8 − j5j6) + a

(
20j4j8 − 8j5j7 + 3j 2

6

)
,

J7 = i1i
2
4 − 8i1i3i5 + i2

2 i5 − i2i3i4 + 2i3
3 , J8 = 2j

3
0 − B0j

2
0 j1 + A0j0j

2
1 − A1j

3
1 ,

J9 = 32
(
10j3j

2
6 − 20j3j5j7 − 4j4j5j6 + 8j 2

4 j7 + j 3
5

)
+ B0

(
100j3j5j8 − 20j3j6j7 − 40j 2

4 j8 + 4j4j5j7 + 2j4j
2
6 − j 2

5 j6
)

+ A0
(
20j4j5j8 − 100j3j6j8 + 40j3j

2
7 − 4j4j6j7 − 2j 2

5 j7 + j5j
2
6

)
+ 3A1

(
20j4j6j8 − 10j 2

5 j8 + 4j5j6j7 − 8j4j
2
7 − j 3

6

)
, J0 = (b2 − 4ac)/60.

(11)

Theorem 1. Nine third-order invariants

I1 = J
−5/6
0 J1, I2 = J

−2/3
0 J2, I3 = J

−4/3
0 J3, I4 = J

−5/3
0 J4,

I5 = J
−7/3
0 J5, I6 = J

−5/3
0 J6, I7 = J

−5/2
0 J7, I8 = J−3

0 J8, I9 = J−2
0 J9

(12)

form the basis of differential invariants for equation (1), the invariant differentiations are
defined by the operators

D1 = J−1
0 (j0(Dx + y ′Dy) − j1Dy ′), D2 = J

−7/6
0 (k1(Dx + y ′Dy) − k2Dy ′),

D3 = J
−7/6
0 (k3(Dx + y ′Dy) + 7J0Dy − k4Dy ′).

(13)

Any other differential invariant of equation (1) is a function of invariants (12) and their
invariant derivatives.

4
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To prove this statement, we calculate the third extension X̃ of generator (5)

X̃ = X + πx∂Px
+ πy∂Py

+ πy ′
∂Py′ + · · · + σy ′y ′y ′

∂Sy′y′y′

by the standard prolongation formulas [6] with x, y, y ′ regarded as independent variables and
P,Q,R, S as dependent ones:

Cx = DxC − Txξx − Tyηx − Ty ′ζx, Cy = DyC − Txξy − Tyηy − Ty ′ζy,

Cy ′ = Dy ′C − Txξy ′ − Tyηy ′ − Ty ′ζy ′ .
(14)

Here C is equal to π , κ , ρ, σ , πx, . . . , σ y ′y ′
, while T is equal to P,Q,R, S, Px, . . . , Sy ′y ′

successively, ξ = −wy ′ , η = w − y ′wy ′ , ζ = wx + y ′wy are the coordinates of X at x, y, y ′,
the functions π , κ , ρ, σ are given by (6), Dx = ∂x + Px∂P + · · · ,Dy = ∂y + Py∂P + · · · ,Dy ′ =
∂y ′ + Py ′∂P + · · · are the operators of total differentiation with respect to x, y, y ′.

As is seen from (5), (6) and (14), the operator X̃ has to depend linearly on the derivatives
of an arbitrary function w up to the sixth order (their number is equal to 84). It can be
represented in the form

X̃ = wX1 + wxX2 + wyX3 + wy ′X4 + wxxX5 + · · · + ∂6w/∂y ′6X84, (15)

where the operators Xi are given in appendix A. According to the theory of invariants of
infinite transformation groups [6], the relation X̃I = 0 should be split by w and its derivatives.
This gives rise to a homogeneous system of linear first-order PDEs

X1I = 0, . . . , X84I = 0. (16)

Functionally independent solutions of system (16) provide the third-order invariants of
equation (1).

The solution of system (16) is found in several steps. First, we solve the subsystem

X1I = 0, X4I = 0, X57I = 0, . . . , X84I = 0 (17)

with the most simple operators X1, X4 and 28 coefficients of the sixth-order derivatives of w

in (15). Note that six of these operators are represented as linear functions of the remaining 24
operators (see appendix A). Therefore, in the space R83(x, y, y ′, P ,Q,R, S, Px, . . . , Sy ′y ′y ′)

system (17) has 59 independent solutions (here d = ∂x + y ′∂y)

y ′, P ,Q,R, S, Px, . . . , Sy ′ ,

Pxx, . . . , Sy ′y ′ , u1 = dSy ′y ′ − Ry ′y ′y ′ ,

u2 = d2Sy ′ − dRy ′y ′ , u3 = d2Sy ′ + dRy ′y ′ − 2Qy ′y ′y ′ ,

u4 = d3S + d2Ry ′ − 2 dQy ′y ′ , u5 = 2 d2Ry ′ − dQy ′y ′ − Py ′y ′y ′ ,

u6 = 2 d3R − d2Qy ′ − dPy ′y ′ , u7 = d2Qy ′ − dPy ′y ′ , u8 = d3Q − d2Py ′ ,

u9 = dSyy ′ − Ryy ′y ′ , u10 = d2Sy + dRyy ′ − 2Qyy ′y ′ ,

u11 = 2 d2Ry − dQyy ′ − Pyy ′y ′ , u12 = d2Qy − dPyy ′ ,

u13 = d2Sx − 5 dRxy ′ + 4Qxy ′y ′ , u14 = dRxy ′ − Qxy ′y ′ , u15 = dQxy ′ − Pxy ′y ′ ,

u16 = dSxx − Rxxy ′ , u17 = dRxx − Qxxy ′ , u18 = dQxx − Pxxy ′ .

5
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In these variables next 21 operators (coefficients of the fifth-order derivatives of w in (15))
become

X36 = ∂Pxx
− S

(
2∂u6 + ∂u17

) − 2R
(
∂u8 + ∂u18

)
,

X̄37 = Z1
P + 2∂u8 + 2S

(
∂u11 − y ′∂u17

)
+ 2R∂u12 + (2 − 4y ′R)∂u18 ,

X̄38 = Z2
P − 2∂u12 − y ′2S∂u17 + (4y ′ − 2y ′2R)∂u18 , X̄39 = 2y ′2∂u18,

X42 = ∂Qxx
+ ∂Pxy′ − S

(
4∂u4 + 2∂u5 − 2∂u13 + ∂u14 + 2∂u16

) − R
(
2∂u7 + 2∂u15 − ∂u17

)
+ 4Q

(
∂u8 + ∂u18

)
,

X̄43 = Z1
Q + Z3

P + 7∂u6 + 3∂u7 + Q
(
8y ′∂u18 − 4∂u12

)
+ 4S∂u10

+ y ′S
(
2∂u13 − ∂u14 − 4∂u16

)
+ (3 − 2y ′R)∂u15 + (2 + 2y ′R)∂u17 ,

X̄44 = Z2
Q − 7∂u11 + 3y ′∂u15 − 2y ′2S∂u16 + (4y ′ + y ′2R)∂u17 + 4y ′2Q∂u18 ,

X̄45 = 2y ′2∂u17, X47 = ∂Rxx
+ ∂Qxy′ + ∂Py′y′ − S

(
2∂u2 + 4∂u3

)
+ R

(
6∂u4 + ∂u14 + 4∂u16

)
+ Q

(
6∂u6 + 4∂u7 + 4∂u15 + ∂u17

) − 2P
(
∂u8 + ∂u18

)
,

X̄48 = Z1
R + Z3

Q + 8∂u4 + 10∂u5 + 2S∂u9 − 6R∂u10 − 6Q∂u11 + 2P∂u12 − 10∂u13

+ (3 + y ′R)∂u14 + (2 + 8y ′R)∂u16 + y ′Q
(
4∂u15 + 2∂u17

) − 4y ′P∂u18 ,

X̄49 = Z2
R − 8∂u10 − 10y ′∂u13 + 3y ′∂u14 + 4y ′(1 + y ′R)∂u16 + y ′2Q∂u17 − 2y ′2P∂u18 ,

X̄50 = 2y ′2∂u16, X51 = ∂Sxx
+ ∂Rxy′ + ∂Qy′y′ − 2S∂u1 + R

(
4∂u2 + 6∂u3

)
+ Q

(
6∂u5 − 6∂u13 + ∂u14 − 2∂u16

) − P
(
4∂u6 + 2∂u7 + 2∂u15 + ∂u17

)
,

X̄52 = Z1
S + Z3

R + 3∂u2 + 11∂u3 − 4R∂u9 + 4P∂u11 + y ′Q
(
∂u14 − 6∂u13 − 4∂u16

)
− 2y ′P

(
∂u15 + ∂u17

)
, X̄53 = Z2

S − 3∂u9 − 2y ′2Q∂u16 − y ′2P∂u17 ,

X54 = ∂Sxy′ + ∂Ry′y′ + 4R∂u1 − 2Q∂u2 − P
(
2∂u4 + 4∂u5 − 4∂u13 + ∂u14

)
,

X̄55 = Z3
S + 4∂u1 + 2Q∂u9 + P

(
2∂u10 + 4y ′∂u13 − y ′∂u14

)
,

X56 = ∂Sy′y′ − 2Q∂u1 − 2P∂u3 .

Here we use the notation from appendix A and omit three operators X̄40, X̄41, X̄46 since they
are linear combinations of other operators. As 41 independent invariants of the operators
X36, . . . , X56 we can take

y ′, P ,Q,R, S, Px, . . . , Sy ′ , A1, A2, B1, B2, 1, 2,

v1 = Sxy + y ′Syy − Ryy ′ , v2 = Rxy + y ′Ryy − Qyy ′ ,

v3 = Qxy + y ′Qyy − Pyy ′ , M1, . . . ,M8, L1, L2, L3, L4,

ū13 = u13 − 10Rxy − 2SPxy ′ − 4PSxy ′ + 6QRxy ′ ,

ū14 = u14 + 3Rxy + SPxy ′ + PSxy ′ − RQxy ′ − QRxy ′ ,

ū15 = u15 + 3Qxy + 2(RPxy ′ + PRxy ′ − 2QQxy ′),

(18)

where A1, A2, B1, B2, 1, 2,Mi, Lj are defined by (8) and (9).
In variables (18) next 15 operators of system (16) take the form

X21 = ∂Px
+ Sy ′

(
4∂ū13 − ∂ū14

) − 2Ry ′∂ū15 ,

X̄22 = Z0
P + S∂v2 + 2R∂v3 + (4y ′Sy ′ − 12S)∂ū13 + (2S − y ′Sy ′)∂ū14 + (4R − 2y ′Ry ′)∂ū15 ,

X̄23 = −2∂v3 + y ′S
(
2∂ū14 − 12∂ū13

) − (2 + 4y ′R)∂ū15 ,

X̄24 = −2y ′∂ū15,

X26 = ∂Qx
+ ∂Py′ + (2Sx − 6Ry ′)∂ū13 + (Ry ′ − Sx − α)∂ū14 + 2(2Qy ′ − Rx − β)∂ū15 ,

6
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X̄27 = Z0
Q + 2S∂v1 − R∂v2 − 4Q∂v3 + (12R − 6y ′Ry ′)∂ū13 + y ′(Ry ′ − α)∂ū14

+ (4y ′Qy ′ − 2y ′β − 4Q)∂ū15 ,

X̄28 = −2∂v2 + (4 + 10y ′R)∂ū13 − ∂ū14 − 4y ′Q∂ū15,

X̄29 = y ′(6∂ū13 − ∂ū14

)
,

X30 = ∂Rx
+ ∂Qy′ + 6β∂ū13 + (Rx + Qy ′)∂ū14 + 2(2Qx − Py ′ + γ )∂ū15,

X̄31 = Z0
R − 4R∂v1 − Q∂v2 + 2P∂v3 + 6y ′β∂ū13 + (y ′Qy ′ + y ′QR − 2Q)∂ū14

+ 2y ′(γ − Py ′)∂ū15,

X̄32 = −2∂v1 + y ′Q
(
8∂ū13 − 2∂ū14

)
,

X33 = ∂Sx
+ ∂Ry′ + (2Py ′ − 6Qx − 6γ )∂ū13 + (Qx − Py ′ + γ )∂ū14 − 2Px∂ū15 ,

X̄34 = Z0
S + 2Q∂v1 + P∂v2 + y ′(2Py ′ − 6γ )∂ū13 + y ′(γ − Py ′)∂ū14,

X35 = ∂Sy′ .

These operators are the coefficients of the fourth-order derivatives of w in (15). The operator
X̄25 is a linear function of other operators of system (16) (see appendix A). Therefore, in the
space of variables (18) the system X21I = 0, . . . , X35I = 0 has 27 independent solutions

y ′, P ,Q,R, S, α, β, γ,A1, A2, B1, B2, 1, 2,M1, . . . , M8,

L1, L2, L3, L4,M0 = B2y ′ + Q(A2 + B1) − RB2 − S2 + βy/2 + (β2 − αγ )/4,
(19)

where α, β, γ are given by formulas (7).
In variables (19) next ten operators of system (16) take the form

X11 = ∂P , X̄12 = 2∂γ , X̄13 = ∂B2 − 2∂1 , X̄14 = −1/2∂M0 , X15 = ∂Q,

X̄16 = 2∂β, X̄17 = 2∂A2 − ∂B1 , X18 = ∂R, X̄19 = 2∂α, X20 = ∂S.

In the space of variables (19) operators X11, . . . , X20 possess 17 independent invariants

y ′, A1, A0, B0, 2,M1, . . . ,M8, L1, L2, L3, L4. (20)

In these variables, the remaining eight operators X2, X3, X5, . . . , X10 of system (16) become

X2 = ∂y ′ ,

X3 = y ′∂y ′ − 3A1∂A1 − 2A0∂A0 − B0∂B0 − 4M1∂M1 − 3M2∂M2 − 3M3∂M3

− 2M4∂M4 − 2M5∂M5 − M6∂M6 − M7∂M7 − 4L1∂L1 − 3L2∂L2 − 2L3∂L3 − L4∂L4 ,

X5 = −3A1∂A0 − 2A0∂B0 − B0∂2 − M1
(
∂M2 + 3∂M3

) − (3M2 + M3)∂M4 − 2M3∂M5

− (2M4 + M5)∂M6 − M5∂M7 − (M6 + M7)∂M8 − 3L1∂L2 − 2L2∂L3 − L3∂L4 ,

X̄6 = 3A1∂M3 + A0
(
∂M4 + 2∂M5

)
+ B0(2∂M6 + ∂M7) + 32∂M8 + M1∂L1 + M3∂L2

+ M5∂L3 + M7∂L4 ,

X̄7 = − 3
2

(
A1∂L1 + A0∂L2 + B0∂L3 + 2∂L4

)
,

X8 = −3A1∂A1 − A0∂A0 + B0∂B0 + 32∂2 − 4M1∂M1 − 2M2∂M2 − 2M3∂M3

+ 2M6∂M6 + 2M7∂M7 + 4M8∂M8 − 3L1∂L1 − L2∂L2 + L3∂L3 + 3L4∂L4 ,

X̄9 = 3A1∂M1 + A0
(
∂M2 + 2∂M3

)
+ B0

(
2∂M4 + ∂M5

)
+ 32∂M6

− M2∂L1 − M4∂L2 − M6∂L3 − M8∂L4 ,

X10 = A0∂A1 + 2B0∂A0 + 32∂B0 + (M2 + M3)∂M1 + M4∂M2 + (M4 + 2M5)∂M3

+ 2M6∂M4 + (M6 + 3M7)∂M5 + M8
(
3∂M6 + ∂M7

)
+ L2∂L1 + 2L3∂L2 + 3L4∂L3 .

In the space of variables (20) the operators X2, X̄6, X̄7, X̄9 have 13 invariants

A1, A0, B0, 2, j0, j1, J2, j3, . . . , j8 (21)

7
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defined by (8), (10), (11). In variables (21) the remaining operators take the form

X5 = −3A1∂A0 − 2A0∂B0 − B0∂2 − j0∂j1 − 5j3∂j4 − 4j4∂j5 − 3j5∂j6 − 2j6∂j7 − j7∂j8 ,

X10 = A0∂A1 + 2B0∂A0 + 32∂B0 + j1∂j0 + j4∂j3 + 2j5∂j4 + 3j6∂j5 + 4j7∂j6 + 5j8∂j7 ,

X8 = −3A1∂A1 − A0∂A0 + B0∂B0 + 32∂2 − j0∂j0 + j1∂j1 − 5j3∂j3 − 3j4∂j4

− j5∂j5 + j6∂j6 + 3j7∂j7 + 5j8∂j8 ,

X3 = −3A1∂A1 − 2A0∂A0 − B0∂B0 − 6j0∂j0 − 5j1∂j1 − 4J2∂J2 − 6j3∂j3

− 5j4∂j4 − 4j5∂j5 − 3j6∂j6 − 2j7∂j7 − j8∂j8 .

In the space of variables (21) the system X5I = 0, X8I = 0, X10I = 0 has 10 functionally
independent solutions (11). The last operator X3 becomes

X3 = −6J0∂J0 − 5J1∂J1 − 4J2∂J2 − 8J3∂J3 − 10J4∂J4

− 14J5∂J5 − 10J6∂J6 − 15J7∂J7 − 18J8∂J8 − 12J9∂J9 .

Its invariants (12) provide the basis of functionally independent solutions of system (16).
One can readily verify that the operators X3, X5, X̄6, X8, X̄9, X10 leave invariant two

systems of equations of the second order

A1, A0, B0, 2 = 0; a, b, c = 0

and five systems of equations of the third order

j0, j1 = 0; j3, . . . , j8 = 0; i1, i2, i3, i4, i5 = 0; k1, k2 = 0; k3, k4, J0 = 0

(that is why variables (10) and (11) are called the relative invariants). The invariance condition
of these systems under remaining operators from (16) holds identically. Each equation
Ji = 0, i = 0, . . . , 9 also is invariant under the operators X1, . . . , X84.

According to [6] the coordinates f, g, h of the invariant differentiation operator

D = f Dx + gDy + hDy ′

are found from the relations

X̃f = f ξx + gξy + hξy ′ , X̃g = f ηx + gηy + hηy ′ , X̃h = f ζx + gζy + hζy ′ , (22)

where ξ = −wy ′ , η = w − y ′wy ′ , ζ = wx + y ′wy are the coordinates of generator (5) at
the independent variables x, y, y ′. Equalities (22) should be split by w and its derivatives
wx, . . . , ∂

6w/∂y ′6. For the functions f, ḡ = g − y ′f, h this yields the system of linear
first-order PDEs, where eight equations are nonhomogeneous:

X8f = −f, X10f = −h, X̄9f = X3ḡ = ḡ,

X3h = X8h = h, X5h = f, X̄6h = −ḡ.

The remaining equations of the system are homogeneous, whence it follows that f, ḡ, h depend
only on variables (20). Taking into account that the operators X3, X5, X̄6, X8, X̄9, X10 act on
the variables J0, j0, j1, k1, k2, k3, k4 as

X3 = −6J0∂J0 − 6j0∂j0 − 5j1∂j1 − 7k1∂k1 − 6k2∂k2 − 7k3∂k3 − 6k4∂k4 ,

X5 = −j0∂j1 − k1∂k2 − k3∂k4 , X10 = j1∂j0 + k2∂k1 + k4∂k3 , X̄6 = 7J0∂k4 ,

X8 = −j0∂j0 + j1∂j1 − k1∂k1 + k2∂k2 − k3∂k3 + k4∂k4 , X̄9 = 7J0∂k3 ,

one can find the general solution of this system

f = j0J
−1
0 F(I) + k1J

−7/6
0 H(I) + k3J

−7/6
0 G(I), g = y ′f + 7J

−1/6
0 G(I),

h = −j1J
−1
0 F(I) − k2J

−7/6
0 H(I) − k4J

−7/6
0 G(I),

8
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where F(I),G(I) and H(I) are arbitrary functions of variables (12). Equating (F,G,H)

to (1, 0, 0), (0, 0, 1) and (0, 1, 0) respectively, one obtains three independent operators of
invariant differentiation (13).

The last part of the proof is rather standard. It is not difficult to show that the invariant
differentiations of (12) yield 24 independent fourth-order invariants. On the other hand, one
can obtain the fourth-order invariants from the invariance criterion X̃I = 0. Extension of
generator (5) to the fourth-order derivatives of P,Q,R, S and splitting the equality X̃I = 0 by
w,wx, . . . , ∂

7w/∂y ′7 give rise to the system X1I = 0, . . . , X120I = 0 with 10 equations being
again the linear combinations of the remaining 110 equations. Hence, in the 143-dimensional
space R143(x, y, y ′, P ,Q,R, S, Px, . . . , Sy ′y ′y ′y ′) one obtains 33 independent invariants of
equation (1). Nine of them are of the third order and 24 are of the fourth order, which
coincides with the number of invariants obtained from (12) by invariant differentiations (13).
Similar reasoning extended to the higher orders implies that invariants (12) form the basis.
This completes the proof.

3. Examples of equivalent equations

Example 1. Let us consider the equation

ȳ ′′′ = x̄5

2
(ȳ ′2 + k)ȳ ′′3 − 5

2

ȳ ′′

x̄
, k = const, (23)

with the invariants I1 = −36
√

5θE−5/6, where θ = ȳ ′2x̄−4(ȳ ′2 + k)−3, E = 3θ + 1,

I2 = 1
3E−2/3[3θȳ ′−2(ȳ ′2 + k) − 79], I3 = 20E−4/3[3θȳ ′−2(2ȳ ′2 + k) − 2],

I4 = 180E−5/3[5θ2ȳ ′−4(ȳ ′2 + k)(19ȳ ′2 − k) + 2θȳ ′−2(711ȳ ′2 + 5k) + 495],

I5 = 15
4 E−7/3[θ2ȳ ′−4(184ȳ ′2 + k)(k − 212ȳ ′2) + 12θȳ ′−2(1523ȳ ′2 − 31k) + 34 596],

I6 = 180E−5/3[θ2ȳ ′−4(ȳ ′2 + k)(3ȳ ′2 + k) + 2θȳ ′−2(141ȳ ′2 − 20k) + 151], . . .

(24)

and find if the ODE (23) may be equivalent to the equation

y ′′′ = y ′′2

2y ′ − B ′

2B
y ′′ +

y ′

32B2
(A + 5B ′2 − 8BB ′′) +

f (y)

By ′ , f (y) = K0 + K1y + K2y
2,

(25)

where K0,K1,K2 = const, A = A(x), B = B(x) �≡ 0. It is known that equation (25)
linearizes on differentiation [13]. The first two invariants of the ODE (25) read as

I1 = −14400ε−5/6By ′2[2ABf ′y ′2 + 3hfy ′ + 640B2ff ′],
I2 = 1

3ε−2/3[(675B ′h − 300Bh′ − 19A2 + 38 400K2B
3)y ′4 + 5600ABfy ′2 − 2022 400B2f 2],

where h = 3AB ′ − 2BA′, ε = 15(320B2f ′ + hy ′)2y ′4 + (160Bf − Ay ′2)3. Note that only
one of the invariants (24), namely I1 �≡ 0, depend on a single variable θ . Equation (25)
possesses the same property when A(x) = 0,K2 �= 0,K3 ≡ K2

1 − 4K0K2 �= 0. In this case,
its invariants become I1 = −9

√
10τε−5/6, where τ = Bf ′2f −3y ′4, ε = (3τ/8 + 1),

I2 = 1
6ε−2/3[3τK2f/f ′2 − 158], I3 = 5

2ε−4/3[3τ(8K2f + K3)/f
′2 − 16],

I4 = 45ε−5/3[5τ 2K2f (19K2f + 5K3)/f
′4 + 2τ(1422K2f + 353K3)/f

′2 + 1980],

I5 = 15
256ε−7/3[−τ 2(736K2f + 183K3)(848K2f + 213K3)/f

′4

− 192τ(3046K2f + 777K3)/f
′2 + 2214 144],

I6 = 45
2 ε−5/3[τ 2K2f (6K2f + K3)/f

′4 + 2τ(564K2f + 161K3)/f
′2 + 1208], . . . .

9
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Equating them to invariants (24) and taking into account that 4K2f = f ′2 − K3, we find
τ = 8θ, ȳ ′ = C(y + K1/2K2), k = −C2K3/4K2

2 , x̄ = y ′−1(2K2/B)1/4/C,C = const. For
the sake of simplicity, we set C = 1,K2 = 1/2,K1 = 0,K0 = k/2, B(x) = 1. From
relations (3), one can readily obtain the missing function �(x, y, y ′) in transformation (2) and
then establish that the contact change of variables

x̄ = 1

y ′ , ȳ = y

y ′ − x, ȳ ′ = y (26)

turns the ODE (23) into the equation

y ′′′ = y ′′2 + y2 + k

2y ′ .

It linearizes on differentiation, taking the form yIV − y = 0, with the general solution

y = c0 ex + c1 e−x + c2 sin x + c3 cos x,

where the constants ci satisfy the relation 4c0c1 + c2
2 + c2

3 + k/2 = 0. The substitution of this
function into (26) leads to the solution of the ODE (23) in a parametric form

x̄ = 1

c0 ex − c1 e−x + c2 cos x − c3 sin x
, ȳ = c0 ex + c1 e−x + c2 sin x + c3 cos x

c0 ex − c1 e−x + c2 cos x − c3 sin x
− x

with the parameter x. This example shows how the use of invariants enables one to obtain the
solution of an equation under study via the solution of an equivalent equation.

Example 2. The third-order ODE

ȳ ′′′ = 4mȳ ′′2 − ȳ ′′

2(x̄ − 2mȳ ′)
, m = const (27)

has the constant invariants

I1 = 0, I2 = −79/3, I3 = −40, I4 = 89 100, I5 = 129 735,

I6 = 27 180, I7 = 0, I8 = 4021 785, I9 = −47 400.
(28)

Equation (25), which linearizes on differentiation [13], has the constant invariants in two cases.
When A(x) = B3/2, f (y) = 0 it has the invariants

I1 = 0, I2 = −19/3, I3 = 80, I4 = 2700, I5 = 540,

I6 = −900, I7 = 0, I8 = −1080, I9 = 2280.

When A(x) = 0, f (y) = K0,K0 �= 0, invariants of the ODE (25) coincide with (28) and
hence, it is equivalent to equation (27). Direct calculation shows that the contact change of
variables

x̄ = 2mx + y ′, ȳ = xy ′ − y + mx2, ȳ ′ = x (29)

transforms the ODE (27) to equation (25) with B(x) = 1,K0 = −2m2

y ′′′ = y ′′2

2y ′ − 2
m2

y ′ , (30)

which takes the form yIV = 0 after a differentiation. The general solution of the ODE (30) is
given by the formula

y = c0 + c1x + c2x
2 + c3x

3,

where the constants ci satisfy a single quadratic relation 3c1c3 − c2
2 + m2 = 0. Substituting it

into (29) and then eliminating x from

x̄ = 3c3x
2 + 2(c2 + m)x + c1, ȳ = 2c3x

3 + (c2 + m)x2 − c0,

10
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one arrives at the general solution of the ODE (27)

ȳ = c̄0 + c̄1x̄ + c̄2(x̄ − 2mc̄1)
3/2,

where c̄0 = c̄2
1(c2 − 5m)/3 − c0, c̄1 = −(c2 + m)/(3c3), c̄2 = 2/

√
27c3.

Example 3. In [14], the higher order analogies to the Painlevé equations are studied. In an
autonomous case one of them reads as

vIV = 4
v′v′′′

v
+ 3

v′′2

v
− 21

2

v′2v′′

v2
+

9

2

v′4

v3
+ 10δ

(
2v′2

v3
− v′′

v2

)
− K0 + K2v

2 + 8
δ2

v3
. (31)

Another fourth-order ODE presented in [14] has the form

vIV = 3
v′v′′′

v
+

7

2

v′′2

v
− 17

2

v′2v′′

v2
+

27

8

v′4

v3
+ K3

(
2v′′ − v′2

v

)

+ 5δ

(
3v′2

v3
− 2v′′

v2

)
+ 2K2v

2 − 4K3
δ

v
+ 6

δ2

v3
. (32)

As is shown in [15], when K3 = 0, the third-order ODE

v′′′ = v′′2

2v′ + 2
v′v′′

v
− 9

8

v′3

v2
+ K3v

′ − 5δ
v′

v2
+

F(v)

v′ ,

(33)

F(v) = K0v + K1v
2 + K2v

3 + 4K3δ − 2
δ2

v2

represents an integral of equation (31). If K1 = 0, equation (33) is an integral of the ODE
(32). The invariants of the ODE (33) are calculated by formulas (12), but the result is too
cumbersome. So, only the first two invariants are given here:

I1 = 7200E−5/6v′2[15δv′6 + v′4(8δH + 15G) − 4v′2(GH + 70δv2F) − 40v2FG],

I2 = − 1
3E−2/3[4275v′8 + 120v′6(135δ − 11K3v

2) − 11 200v2v′2FH + 126 400v4F 2

+ 16v′4(76K2
3 v4 − 1960K3δv

2 + 4300δ2 − 75(K0v
3 + K2v

5) − 1725v2F)], (34)

where G = K2v
5 − K0v

3 − 8K3δv
2 + 8δ2,H = K3v

2 − 5δ,

E = 3375v′12 − 5400v′10H + 120v′8(225v2F + 24K2
3 v4 − 240K3δv

2 + 3800δ2)
+ 128v′6(1500δG − 225v2FH − 4H 3) + 960v′4(75v4F 2 + 8v2FH 2 + 25G2)

− 38 400v4v′2F 2H + 64 000v6F 3.

We suppose that equation (33) may be equivalent to an equation, which follows from the
system with the Hénon–Heiles Hamiltonian

H = 1

2
(p2

1 + p2
2 + ω1q

2
1 + ω2q

2
2 ) + Aq1q

2
2 − B

3
q3

1 +
λ

2
q−2

2 , ω1, ω2, A,B, λ = const.

All its integrable cases, when Hamiltonian’s equations of motion

q ′′
1 + ω1q1 − Bq2

1 + Aq2
2 = 0, q ′′

2 + ω2q2 + 2Aq1q2 − λq−3
2 = 0 (35)

are solved in terms of hyperelliptic functions of genus two, are presented in [16]. One of
them, namely the KdV5 case, corresponds to B = −6A. Then elimination of q1 between two
equations (35) gives rise to the equation

yIV = 2
y ′y ′′′

y
+ 4

y ′′2

y
− 2

y ′2y ′′

y2
+ 2k3y

′′ + 10λ

(
2y ′2

y5
− y ′′

y4

)
+ 2k1y + 4k2y

3 − 2k3
λ

y3
+ 3

λ2

y7

for the function y = q2, with the parameters k1 = ω2(3ω2 − ω1)/2, k2 = A2/2, k3 =
3ω2 − ω1/2. This fourth-order ODE possesses an integral

y ′′′ = y ′′2

2y ′ + 2
y ′y ′′

y
+ k3y

′ − 5λ
y ′

y4
+

f (y)

y ′ , f (y) = k0 + k1y
2 + k2y

4 + k3
λ

y2
− λ2

2y6
. (36)
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The third-order equation (36) has the invariants

I1 = 1800ε−5/6y2y ′2[15λy6y ′6 + y4y ′4(2λh +15g) − y2y ′2(gh + 70λy6f ) − 10y6fg],

I2 = − 1
3ε−2/3[4275y8y ′8 + 30y6y ′6(135λ − 11k3y

4) − 700y8y ′2f h + 7900y12f 2

+ y4y ′4(76k2
3y

8 − 1960k3λy4 + 4300λ2 − 300(k0y
6 + k2y

10) − 6900y6f
)]

, (37)

where

g = k2y
10 − k0y

6 − 2k3λy4 + 2λ2, h = k3y
4 − 5λ,

ε = 3375y12y ′12 − 1350y10y ′10h + 30y8y ′8(225y6f + 6k2
3y

8 − 60k3λy4 + 950λ2)

+ 8y6y ′6(1500λg − 225y6f h − h3) + 60y4y ′4(75y12f 2 + 2y6f h2 + 25g2)

− 600y8y ′2f 2h + 1000y18f 3.

Equations (33) and (36) are both quadratic, but not cubic in v′′ and y ′′. As follows from [11],
an ODE (1) with S(x, y, y ′) = 0 and an ODE (4) with S̄(x̄, ȳ, ȳ ′) = 0 may be connected
either by point transformation x̄ = φ(x, y), ȳ = ψ(x, y), or by contact transformation (2)
such that �(x, y, y ′) = const is an integral of the ODE (1) (see, e.g., ODEs (30), (41) and
transformations (29) and (42) respectively).

Invariants (34) and (37) do not involve the independent variable. Comparing them we
can suppose that the independent variable remains unaltered and equations (33) and (36) are
connected by the point transformation of the form v = yn. Indeed, the change of variables

v = y2, v′ = 2yy ′

turns the ODE (33) into equation (36) with the parameters 4k0 = K0, 4k1 = K1, 4k2 =
K2, k3 = K3, λ = δ. This relation between integrals (33) and (36) of the fourth-order ODEs
was not found either in [14] or in [15]. Thus, we can conclude that in an autonomous case,
the fourth-order analogies to the Painlevé equations given by ODEs (31) and (32) are related
to an integrable case of Hénon–Heiles Hamiltonian and hence, they are solved in terms of
hyperelliptic functions of genus two.

Example 4. The Caudrey–Dodd–Gibbon equation [17]

ut = uxxxxx − 30uuxxx − 30uxuxx + 180u2ux (38)

possesses an invariant manifold defined by the third-order ODE

uxxx = 2

3

u2
xx

ux

+ 2(u2 − s)
uxx

ux

+ 6uux − 12

ux

(u2 − s)2, s = const (39)

(new infinite sequence of invariant manifolds of equation (38) see in [18]). Application of
invariant manifolds generalizes the separation of variables method for evolution equations:
first we integrate the ODE (39) with respect to x and then substitute its solution u(t, x) =
f (x, c1(t), c2(t), c3(t)) into equation (38). This yields the system of first-order ODEs for the
functions ci(t), which arose as constants of integration in solving the ODE (39).

Equation (39) has invariants

I1 = 24
√

30E−5/6u2
x[7uu4

x + 6(u2 − s)(109u2 − 45s)u2
x − 2304u(u2 − s)3],

I2 = − 4
45E−2/3[5(137u2 − 21s)u4

x + 672u(u2 − s)2u2
x + 42 480(u2 − s)4],

where E = 2
[
49u8

x +224u(9s −13u2)u6
x +576(u2 − s)2(13u2 +3s)u4

x −13 824u(u2 − s)4u2
x −

55 296(u2 − s)6
]
. When s ≡ 0, it is not difficult to see that these invariants (as well as other

invariants of the ODE (39) omitted here) may be represented as the functions of a single
variable x̄ = u3/2/ux :

I1 = 12
√

15ε−5/6(2x̄)2/3(7 + 654x̄2 − 2304x̄4),

I2 = − 1
3ε−2/3x̄4/3(685 + 672x̄2 + 42 480x̄4),

(40)
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where ε = 49 − 2912x̄2 + 7488x̄4 − 13 824x̄6 − 55 296x̄8. Invariants (40) depend on one
variable, which is not sufficient to find an equation equivalent to the ODE (39). However, we
can suppose that the ODE (39) with s = 0 is equivalent to an equation with the invariants
depending on x̄ only, for example, to one of the ODEs

ū′′′ = a3(x̄)ū′′3 + a2(x̄)ū′′2 + a1(x̄)ū′′ + a0(x̄),

ū′′′ = a3(x̄)
ū′′3

ū′2 + (a2(x̄) + 1)
ū′′2

ū′ + a1(x̄)ū′′ + a0(x̄)ū′.

The substitution ū′′ = w reduces the first ODE to solving the Abel equation

w′ = a3(x̄)w3 + a2(x̄)w2 + a1(x̄)w + a0(x̄)

and two quadratures. The second ODE is reduced to the Abel equation by the substitution
ū′′/ū′ = w. Invariants (40) provide only one function in transformation (2), namely
� = u3/2/ux . The remaining part of transformation (2) is found from equations (3). By
this way, one obtains the contact transformation

x̄ = u3/2

ux

, ū = x + 2
u

ux

, ū′ = 2√
u

connecting the ODE (39) with s = 0 and the equation

ū′′′ = 6x̄(4x̄2 − 1)(1 − 2x̄2)
ū′′3

ū′2 + (4x̄2 − 5)
ū′′2

ū′ − 7

3

ū′′

x̄
.

Example 5. Another example of this kind of equations provides an ODE

y ′′′ = ly ′′[2xy ′′ − (l + 1)y ′]
(l + 1)[2xy ′ − (l + 2)y]

, l = const, (41)

which arises in the classification of integrable Hamiltonian hydrodynamic chains associated
with Kupershmidt’s brackets [19]. It possesses a remarkable property: for parameter values
l = 1, 2, 3, . . . , equation (41) linearizes on exactly l differentiations [19]. Also the family of
equations (41) admits the contact equivalence transformation

x̃ = x − (l + 2)
y

y ′ , ỹ = yy ′− l+2
l+1 , ỹ ′ = − 1

l + 1
y ′− 1

l+1 (42)

mapping the ODE (41) into an equation of the same form with the parameter l̃ = −l/(l + 1).
It is readily seen that invariants

I1 = 18L2
√

l(l2 + L2)E−5/6(x2y ′2 − Lxyy ′)−2/3y(2xy ′ − Ly)2, L = l + 2,

I2 = − 1
12E−2/3(x2y ′2 − Lxyy ′)−4/3[9(l2 + 3L2)(2xy ′ − Ly)4

− 12(l2 + L2)−1(13l4 + 51l2L2 + 18(l + L)2)xy ′(xy ′ − y)(2xy ′ − Ly)2

+ 16l2(l2 + L2)−2(35l4 − 279l2L2 − 339(l + L)2)x2y ′2(xy ′ − Ly)2],

I3 = 4l2E−4/3(x2y ′2 − Lxyy ′)−2/3[40l2(11l2 + 21L2)(l2 + L2)−1x2y ′2(xy ′ − Ly)2

+ 240l2L2xy2y ′(xy ′ − Ly) − 27(l2 + L2)(2xy ′ − Ly)4],

where E = −4l(l + 3)(2l + 3)(2xy ′ − Ly)2/5 − 2l3L2y2, and other invariants of
equation (41) are the functions of a single variable xy ′y−1. This yields the function �(x, y, y ′)
in transformation (2). The whole change of variables found from conditions (3),

x̄ = y

xy ′ , ȳ = y

xy ′ ln y − ln x, ȳ ′ = ln y,

transforms the ODE (41) to the equation

ȳ ′′′ = x̄(2x̄ − 1)(1 − x̄)ȳ ′′3 +

(
(1 − x̄)ȳ ′′2 − ȳ ′′

x̄

) (
l

l + 1

(
x̄ȳ ′′ +

x̄2ȳ ′′ + 2

(l + 2)x̄ − 2

)
+ 3

)
.
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4. Concluding remarks

One of the main ways of solving nonlinear ODEs is to study if they are equivalent to a
historically solved ODE. Theory of equivalence of differential equations deals with different
problems. The first one is to establish if two given equations, say (1) and (4), are equivalent with
respect to an invertible transformation (2). Whenever they are equivalent the second problem
is to find transformation (2) connecting these equations. Since the equivalent equations
should have equal invariants, both of these problems may be solved with the use of invariants
of the family of equations (1) as follows. Using formulas (12), we calculate invariants
Ik(x, y, y ′), k � 1 for equation (1), invariants Īk(x̄, ȳ, ȳ ′), k � 1 for equation (4) and then
investigate whether the relations

I1(x, y, y ′) = Ī1(x̄, ȳ, ȳ ′), I2(x, y, y ′) = Ī2(x̄, ȳ, ȳ ′), I3(x, y, y ′) = Ī3(x̄, ȳ, ȳ ′), . . .
(43)

are consistent. There may be three possibilities as follows.

(1) In exceptional cases, when all invariants of two given ODEs (1) and (4) are constant and
mutually equal, system (43) is obviously consistent. But transformation (2) connecting
these equations can be found by direct computations only, i.e. by substituting (2) into (4),
replacing y ′′′ by virtue of (1), splitting the equality obtained by y ′′ and then integrating the
resulting system of nonlinear PDEs for the functions �, �, � and equations (3) together.

(2) Generally, as is seen from the previous section, invariants are not identically constant.
Then from the first one or more algebraic equalities (43), taking into account (3), one
can find a possible form of transformation (2). If substituting it into remaining relations
(43) one obtains identities, then system (43) is consistent and equations (1) and (4) are
equivalent under this transformation (2).

(3) When all invariants are the functions of a single combination of x, y, y ′, one can suppose
that equation (1) is equivalent to an ODE with the invariants, which also depend on
one variable only. One cannot find via the invariants the whole change of variables (2).
Invariants provide only one function, say �(x, y, y ′), in transformation (2). Function
�(x, y, y ′) is found as a solution of linear first-order PDE (3). It is simlper than seeking
the transformation (2) directly, when one should integrate the system of nonlinear PDEs
for the functions �, �, �.

Note that invariants may be effective when we need to prove nonequivalence of two given
equations. For example, if some invariant Ik of equation (1) is constant and the same invariant
Īk of equation (4) is nonconstant, then these two equations are obviously nonequivalent. If an
invariant Ik of equation (1) is a function of a single combination of variables x, y, y ′ and the
same invariant Īk of equation (4) does not possess this property, then these two equations are
nonequivalent too.

In this paper, we provide the basis of differential invariants (12) for the family of
equations (1) as well as the operators of invariant differentiation (13). The result is given
in terms of the functions (7)–(11) and is probably as compact as it could be already. Formulas
(7)–(11) seem too large for calculations, but they are simple for programming in any symbolic
package such as Maple or Mathematica.
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Appendix A. Operators of the equivalence transformation group of the equation (1)

Here the operators X1, X4, X21, . . . , X84 from system (16) are given. Note that 10 of these
operators may be represented as linear functions of the 56 remaining operators. These are the
operators X41, X61, X62, X63, X68, X69, X74 and

X̄40 = −X̄67, X̄46 = −X̄73, 2X̄25 = PX̄60 + QX̄67 + RX̄73 + SX̄78 − X̄45 − X̄72.

Each operator Xi is a coefficient of a certain derivative of w in the prolonged operator X̃.
Below we label once every operator Xi by the corresponding derivative of w. Instead of a part
of operators Xi , we give their linear combinations X̄i , because it does not alter the solution of
system (16).

We do not present here 18 operators

X2(wx), X3(wy), X5(wxx), X̄6 = 2y ′X5 − X6(wxy),

X̄7 = y ′2X5 − y ′X6 + X7(wyy), X8(wxy ′), X̄9 = y ′X8 − X9(wyy ′), X10(wy ′y ′),

X11(wxxx), X̄12 = 3y ′X11 − X12(wxxy), X̄13 = 3y ′2X11 − 2y ′X12 + X13(wxyy),

X̄14 = y ′3X11 − y ′2X12 + y ′X13 − X14(wyyy), X15(wxxy ′),

X̄16 = 2y ′X15 − X15(wxyy ′), X̄17 = y ′2X15 − y ′X16 + X17(wyyy ′),

X18(wxy ′y ′), X̄19 = y ′X18 − X19(wyy ′y ′), X20(wy ′y ′y ′),

since they are too cumbersome. In appendix B, we provide the Maple program, which allows
us to obtain all the coefficients X1, . . . , X84 of the prolonged operator (15).

Using the notation d = ∂x + y ′∂y and

Z0
F = y ′∂Fx

− ∂Fy
, Z1

F = 2y ′∂Fxx
− ∂Fxy

, Z2
F = y ′2∂Fxx

− y ′∂Fxy
+ ∂Fyy

,

Z3
F = y ′∂Fxy′ − ∂Fyy′ , Z4

F = 3y ′∂Fxxx
− ∂Fxxy

, Z5
F = 3y ′2∂Fxxx

− 2y ′∂Fxxy
+ ∂Fxyy

,

Z6
F = y ′3∂Fxxx

− y ′2∂Fxxy
+ y ′∂Fxyy

− ∂Fyyy
, Z7

F = 2y ′∂Fxxy′ − ∂Fxyy′ ,

Z8
F = y ′2∂Fxxy′ − y ′∂Fxyy′ + ∂Fyyy′ , Z9

F = y ′∂Fxy′y′ − ∂Fyy′y′

with F being equal to P,Q,R or S, the operators X1, X4, X21, . . . , X84 are as follows:

X1(w) = ∂y, X4(wy ′) = −∂x − y ′∂y,

X21(wxxxx) = ∂Px
− 3Q∂Pxx

− 2R∂Qxx
− S∂Rxx

− (9Qx + Py ′)∂Pxxx
− 3Qy∂Pxxy

− (6Rx + Qy ′)∂Qxxx
− 2Ry∂Qxxy

− 3Qy ′∂Pxxy′ − (3Sx + Ry ′)∂Rxxx
− Sy∂Rxxy

− 2Ry ′∂Qxxy′ − Sy ′
(
∂Sxxx

+ ∂Rxxy′
)
,

X̄22 = 4y ′X21 − X22(wxxxy) = Z0
P − 3QZ1

P − 2RZ1
Q − SZ1

R − ∂Qxx
− 3∂Pxy′

+ 6QyZ
5
P − (6 dQ + Py ′)Z4

P + 4RyZ
5
Q − (4 dR + Qy ′)Z4

Q − 3Qy ′Z7
P + 2SyZ

5
R

− (2 dS + Ry ′)Z4
R − 2Ry ′Z7

Q − Sy ′
(
Z4

S + Z7
R

) − P∂Pxxx
+ 6Q∂Pxxy′

+ R
(
∂Rxxx

+ 4∂Qxxy′
)

+ 2S
(
∂Sxxx

+ ∂Rxxy′
)
,

X̄23 = 6y ′2X21 − 3y ′X22 + X23(wxxyy) = −3QZ2
P − 2RZ2

Q − SZ2
R − Z1

Q − 3Z3
P

+ 9QyZ
6
P − (3 dQ + Py ′)Z5

P + 6RyZ
6
Q − (2 dR + Qy ′)Z5

Q − 3Qy ′Z8
P + 3SyZ

6
R

− (dS + Ry ′)Z5
R − 2Ry ′Z8

Q − Sy ′
(
Z5

S + Z8
R

) − PZ4
P + 6QZ7

P + R
(
Z4

R + 4Z7
Q

)
+ 2S

(
Z4

S + Z7
R

)
+ ∂Qxxy′ + 6∂Pxy′y′ ,

X̄24 = 4y ′3X21 − 3y ′2X22 + 2y ′X23 − X24(wxyyy) = −Z2
Q − Py ′Z6

P − Qy ′Z6
Q − Ry ′Z6

R

− Sy ′Z6
S − PZ5

P + 6QZ8
P + R

(
Z5

R + 4Z8
Q

)
+ 2S

(
Z5

S + Z8
R

)
+ Z7

Q + 6Z9
P ,

X̄25 = y ′4X21 − y ′3X22 + y ′2X23 − y ′X24 + X25(wyyyy) = RZ6
R − PZ6

P + 2SZ6
S + Z8

Q,
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X26(wxxxy ′) = ∂Qx
+ ∂Py′ + 3P∂Pxx

+ Q
(
∂Qxx

− 3∂Pxy′
) − R

(
∂Rxx

+ 2∂Qxy′
)

− S
(
3∂Sxx

+ ∂Rxy′
)

+ (10Px + y ′Py)∂Pxxx
+ 3Py∂Pxxy

+ (4Qx + y ′Qy)∂Qxxx

+ Qy

(
∂Qxxy

− 3∂Pxyy′
)

+ (2Py ′ − 6Qx)∂Pxxy′ − 6Qy ′∂Pxy′y′ + (y ′Ry − 2Rx)∂Rxxx

− Ry

(
∂Rxxy

+ 2∂Qxyy′
) − 4Rx∂Qxxy′ − 4Ry ′∂Qxy′y′ + (y ′Sy − 8Sx)∂Sxxx

− Sy

(
3∂Sxxy

+ ∂Rxyy′
) − 2(Sx + Ry ′)∂Rxxy′ − Sy ′

(
4∂Sxxy′ + 2∂Rxy′y′

)
,

X̄27 = 3y ′X26 − X27(wxxyy ′) = Z0
Q + 3PZ1

P + Q
(
Z1

Q − 3Z3
P

) − R
(
Z1

R + 2Z3
Q

)
− S

(
3Z1

S + Z3
R

) − ∂Rxx
− 3∂Qxy′ − 6∂Py′y′ − 6PyZ

5
P + 7 dPZ4

P + Qy

(
6Z8

P − 2Z5
Q

)
+ 3 dQZ4

Q + (2Py ′ − 3 dQ)Z7
P + Ry(2Z5

R + 4Z8
Q) − dR(Z4

R + 2Z7
Q) − 6Qy ′Z9

P

+ Sy

(
6Z5

S + 2Z8
R

) − 5 dSZ4
S − (

dS + 2Ry ′
)
Z7

R − 4Ry ′Z9
Q − Sy ′

(
4Z7

S + 2Z9
R

)
− 4P∂Pxxy′ + Q

(
12∂Pxy′y′ − ∂Qxxy′

)
+ R

(
2∂Rxxy′ + 8∂Qxy′y′

)
+ S

(
5∂Sxxy′ + 4∂Rxy′y′

)
,

X̄28 = 3y ′2X26 − 2y ′X27 + X28(wxyyy ′) = 3PZ2
P + QZ2

Q − RZ2
R − 3SZ2

S − Z1
R − 3Z3

Q

− 9PyZ
6
P + 4 dPZ5

P − 3QyZ
6
Q + 2 dQZ5

Q + 2Py ′Z8
P + 3RyZ

6
R + 9SyZ

6
S − 2 dSZ5

S

− 2Ry ′Z8
R − 4Sy ′Z8

S − 4PZ7
P + Q

(
12Z9

P − Z7
Q

)
+ R

(
2Z7

R + 8Z9
Q

)
+ S

(
5Z7

S + 4Z9
R

)
+ 4∂Qxy′y′ + 18∂Py′y′y′ ,

X̄29 = y ′3X26 − y ′2X27 + y ′X28 − X29(wyyyy ′)

= −Z2
R + dPZ6

P + dQZ6
Q + dRZ6

R + dSZ6
S − 4PZ8

P − QZ8
Q + 2RZ8

R + 5SZ8
S + 4Z9

Q,

X30(wxxy ′y ′) = ∂Rx
+ ∂Qy′ + P

(
∂Qxx

+ 3∂Pxy′
)

+ Q
(
2∂Rxx

+ ∂Qxy′ − 3∂Py′y′
)

+ R
(
3∂Sxx

− ∂Rxy′ − 2∂Qy′y′
) − S

(
3∂Sxy′ + ∂Ry′y′

)
+ Py

(
∂Qxxy

+ 3∂Pxyy′
)

+ 3Px∂Qxxx
+ (7Px + y ′Py)∂Pxxy′ + 6Qx∂Rxxx

+ Qy

(
2∂Rxxy

+ ∂Qxyy′ − 3∂Pyy′y′
)

+ (3Qx + y ′Qy + Py ′)∂Qxxy′ + (5Py ′ − 3Qx)∂Pxy′y′ + 9Rx∂Sxxx

+ Ry

(
3∂Sxxy

− ∂Rxyy′ − 2∂Qyy′y′
)

+
(
Qy ′ − 2Rx

)
∂Qxy′y′ +

(
2Qy ′ − Rx + y ′Ry

)
∂Rxxy′

− 9Qy ′∂Py′y′y′ + (3Ry ′ − 5Sx + y ′Sy)∂Sxxy′ − Sy

(
3∂Sxyy′ + ∂Ryy′y′

)
− (Sx + 3Ry ′)∂Rxy′y′ − 6Ry ′∂Qy′y′y′ − Sy ′

(
7∂Sxy′y′ + 3∂Ry′y′y′

)
,

X̄31 = 2y ′X30 − X31(wxyy ′y ′) = Z0
R + P

(
Z1

Q + 3Z3
P

)
+ Q

(
2Z1

R + Z3
Q

)
+ R

(
3Z1

S − Z3
R

)
− 3SZ3

S − 2∂Rxy′ − 5∂Qy′y′ − Py

(
2Z5

Q + 6Z8
P

)
+ dP

(
2Z4

Q + 4Z7
P

)
+ 4 dQZ4

R

− Qy

(
4Z5

R + 2Z8
Q

)
+ 5Py ′Z9

P + (2 dQ + Py ′)Z7
Q + Ry

(
2Z8

R − 6Z5
S

)
+ 6 dRZ4

S

+ Qy ′
(
2Z7

R + Z9
Q

)
+ 6SyZ

8
S + (3Ry ′ − 2 dS)Z7

S − 3Ry ′Z9
R − 7Sy ′Z9

S − 7P∂Pxy′y′

+ Q
(
18∂Py′y′y′ − 2∂Qxy′y′

)
+ R

(
3∂Rxy′y′ + 12∂Qy′y′y′

)
+ S

(
8∂Sxy′y′ + 6∂Ry′y′y′

)
,

X̄32 = y ′2X30 − y ′X31 + X32(wyyy ′y ′) = PZ2
Q + 2QZ2

R + 3RZ2
S − 2Z3

R − 3PyZ
6
Q

+ dP
(
Z5

Q + Z8
P

) − 6QyZ
6
R + 2 dQZ5

R + (dQ + Py ′)Z8
Q − 9RyZ

6
S + (dR + 2Qy ′)Z8

R

+ 3 dRZ5
S + (dS + 3Ry ′)Z8

S − 7PZ9
P − 2QZ9

Q + 3RZ9
R + 8SZ9

S + 9∂Qy′y′y′ ,

X33(wxy ′y ′y ′) = ∂Sx
+ ∂Ry′ + P

(
∂Qxy′ + 3∂Py′y′

)
+ Q

(
2∂Rxy′ + ∂Qy′y′

) − 3S∂Sy′y′

+ R
(
3∂Sxy′ − ∂Ry′y′

)
+ 2Px∂Qxxy′ + Py(∂Qxyy′ + 3∂Pyy′y′ ) + (4Px + y ′Py)∂Pxy′y′

+ 4Qx∂Rxxy′ + Qy

(
2∂Rxyy′ + ∂Qyy′y′

)
+ (2Qx + y ′Qy + 2Py ′)∂Qxy′y′ + 8Py ′∂Py′y′y′

+ 6Rx∂Sxxy′ + Ry

(
3∂Sxyy′ − ∂Ryy′y′

)
+ 2Qy ′∂Qy′y′y′ +

(
4Qy ′ + y ′Ry

)
∂Rxy′y′

+ (6Ry ′ − 2Sx + y ′Sy)∂Sxy′y′ − 3Sy∂Syy′y′ − 4Ry ′∂Ry′y′y′ − 10Sy ′∂Sy′y′y′ ,
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X̄34 = y ′X33 − X34(wyy ′y ′y ′) = Z0
S + PZ3

Q + 2QZ3
R + 3RZ3

S − 3∂Ry′y′ − 2PyZ
8
Q

+ dP
(
Z7

Q + Z9
P

) − 4QyZ
8
R + 2 dQZ7

R + (dQ + 2Py ′)Z9
Q − 6RyZ

8
S + (dR + 4Qy ′)Z9

R

+ 3 dRZ7
S + (dS + 6Ry ′)Z9

S − 10P∂Py′y′y′ − 3Q∂Qy′y′y′ + 4R∂Ry′y′y′ + 11S∂Sy′y′y′ ,

X35(wy ′y ′y ′y ′) = ∂Sy′ + P∂Qy′y′ + 2Q∂Ry′y′ + 3R∂Sy′y′ + Px∂Qxy′y′ + Py∂Qyy′y′

+ dP∂Py′y′y′ + 2Qx∂Rxy′y′ + 2Qy∂Ryy′y′ + (dQ + 3Py ′)∂Qy′y′y′ + 3Rx∂Sxy′y′

+ 3Ry∂Syy′y′ + (dR + 6Qy ′)∂Ry′y′y′ + (dS + 9Ry ′)∂Sy′y′y′ ,

X36(wxxxxx) = ∂Pxx
− 3Q∂Pxxx

− 2R∂Qxxx
− S∂Rxxx

,

X̄37 = 5y ′X36 − X37(wxxxxy) = Z1
P − 3QZ4

P − 2RZ4
Q − SZ4

R − ∂Qxxx
− 3∂Pxxy′ ,

X̄38 = 10y ′2X36 − 4y ′X37 + X38(wxxxyy) = Z2
P − 3QZ5

P − 2RZ5
Q − SZ5

R − Z4
Q − 3Z7

P ,

X̄39 = 10y ′3X36 − 6y ′2X37 + 3y ′X38 − X39(wxxyyy)

= −3QZ6
P − 2RZ6

Q − SZ6
R − Z5

Q − 3Z8
P ,

X̄40 = 5y ′4X36 − 4y ′3X37 + 3y ′2X38 − 2y ′X39 + X40(wxyyyy) = −Z6
Q,

X41(wyyyyy) = y ′X40 − y ′2X39 + y ′3X38 − y ′4X37 + y ′5X36,

X42(wxxxxy ′) = ∂Qxx
+ ∂Pxy′ + 3P∂Pxxx

+ Q
(
∂Qxxx

− 3∂Pxxy′
) − R

(
∂Rxxx

+ 2∂Qxxy′
)

− S(3∂Sxxx
+ ∂Rxxy′ ),

X̄43 = 4y ′X42 − X43(wxxxyy ′) = Z1
Q + Z3

P + 3PZ4
P

+ Q
(
Z4

Q − 3Z7
P

) − R
(
Z4

R + 2Z7
Q

) − S
(
3Z4

S + Z7
R

) − ∂Rxxx
− 3∂Qxxy′ − 6∂Pxy′y′ ,

X̄44 = 6y ′2X42 − 3y ′X43 + X44(wxxyyy ′) = Z2
Q + 3PZ5

P + Q
(
Z5

Q − 3Z8
P

)
− R

(
Z5

R + 2Z8
Q

) − S
(
3Z5

S + Z8
R

) − Z4
R − 3Z7

Q − 6Z9
P ,

X̄45 = 4y ′3X42 − 3y ′2X43 + 2y ′X44 − X45(wxyyyy ′) = 3PZ6
P + QZ6

Q

− RZ6
R − 3SZ6

S − Z5
R − 3Z8

Q,

X̄46 = y ′4X42 − y ′3X43 + y ′2X44 − y ′X45 + X46(wyyyyy ′) = −Z6
R,

X47(wxxxy ′y ′) = ∂Rxx
+ ∂Qxy′ + ∂Py′y′ + P

(
∂Qxxx

+ 3∂Pxxy′
) − S

(
3∂Sxxy′ + ∂Rxy′y′

)
+ Q

(
2∂Rxxx

+ ∂Qxxy′ − 3∂Pxy′y′
)

+ R
(
3∂Sxxx

− ∂Rxxy′ − 2∂Qxy′y′
)
,

X̄48 = 3y ′X47 − X48(wxxyy ′y ′) = Z1
R + Z3

Q + P
(
Z4

Q + 3Z7
P

)
+ Q

(
2Z4

R + Z7
Q − 3Z9

P

)
+ R

(
3Z4

S − Z7
R − 2Z9

Q

) − S
(
3Z7

S + Z9
R

) − 2∂Rxxy′ − 5∂Qxy′y′ − 9∂Py′y′y′ ,

X̄49 = 3y ′2X47 − 2y ′X48 + X49(wxyyy ′y ′) = Z2
R + P

(
Z5

Q + 3Z8
P

)
+ Q

(
2Z5

R + Z8
Q

)
+ R

(
3Z5

S − Z8
R

) − 3SZ8
S − 2Z7

R − 5Z9
Q,

X̄50 = y ′3X47 − y ′2X48 + y ′X49 − X50(wyyyy ′y ′) = PZ6
Q + 2QZ6

R + 3RZ6
S − 2Z8

R,

X51(wxxy ′y ′y ′) = ∂Sxx
+ ∂Rxy′ + ∂Qy′y′ + P

(
∂Qxxy′ + 3∂Pxy′y′

) − S
(
3∂Sxy′y′ + ∂Ry′y′y′

)
+ Q

(
2∂Rxxy′ + ∂Qxy′y′ − 3∂Py′y′y′

)
+ R

(
3∂Sxxy′ − ∂Rxy′y′ − 2∂Qy′y′y′

)
,

X̄52 = 2y ′X51 − X52(wxyy ′y ′y ′) = Z1
S + Z3

R + P
(
Z7

Q + 3Z9
P

)
+ Q

(
2Z7

R + Z9
Q

)
+ R

(
3Z7

S − Z9
R

) − 3SZ9
S − 3∂Rxy′y′ − 7∂Qy′y′y′ ,

X̄53 = y ′2X51 − y ′X52 + X53(wyyy ′y ′y ′) = Z2
S + PZ8

Q + 2QZ8
R + 3RZ8

S − 3Z9
R,

X54(wxy ′y ′y ′y ′) = ∂Sxy′ + ∂Ry′y′ + P
(
∂Qxy′y′ + 3∂Py′y′y′

)
+ Q

(
2∂Rxy′y′ + ∂Qy′y′y′

)
+ R

(
3∂Sxy′y′ − ∂Ry′y′y′

) − 3S∂Sy′y′y′ ,
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X̄55 = y ′X54 − X55(wyy ′y ′y ′y ′) = Z3
S + PZ9

Q + 2QZ9
R + 3RZ9

S − 4∂Ry′y′y′ ,

X56(wy ′y ′y ′y ′y ′) = ∂Sy′y′ + P∂Qy′y′y′ + 2Q∂Ry′y′y′ + 3R∂Sy′y′y′ ,

X57(wxxxxxx) = ∂Pxxx
,

X̄58 = 6y ′X57 − X58(wxxxxxy) = Z4
P ,

X̄59 = 15y ′2X57 − 5y ′X58 + X59(wxxxxyy) = Z5
P ,

X̄60 = 20y ′3X57 − 10y ′2X58 + 4y ′X59 − X60(wxxxyyy) = Z6
P ,

X61(wxxyyyy) = 3y ′X60 − 6y ′2X59 + 10y ′3X58 − 15y ′4X57,

X62(wxyyyyy) = 2y ′X61 − 3y ′2X60 + 4y ′3X59 − 5y ′4X58 + 6y ′5X57,

X63(wyyyyyy) = y ′X62 − y ′2X61 + y ′3X60 − y ′4X59 + y ′5X58 − y ′6X57,

X64(wxxxxxy ′) = ∂Qxxx
+ ∂Pxxy′ ,

X̄65 = 5y ′X64 − X65(wxxxxyy ′) = Z4
Q + Z7

P ,

X̄66 = 10y ′2X64 − 4y ′X65 + X66(wxxxyyy ′) = Z5
Q + Z8

P ,

X̄67 = 10y ′3X64 − 6y ′2X65 + 3y ′X66 − X67(wxxyyyy ′) = Z6
Q,

X68(wxyyyyy ′) = 2y ′X67 − 3y ′2X66 + 4y ′3X65 − 5y ′4X64,

X69(wyyyyyy ′) = y ′X68 − y ′2X67 + y ′3X66 − y ′4X65 + y ′5X64,

X70(wxxxxy ′y ′) = ∂Rxxx
+ ∂Qxxy′ + ∂Pxy′y′ ,

X̄71 = 4y ′X70 − X71(wxxxyy ′y ′) = Z4
R + Z7

Q + Z9
P ,

X̄72 = 6y ′2X70 − 3y ′X71 + X72(wxxyyy ′y ′) = Z5
R + Z8

Q,

X̄73 = 4y ′3X70 − 3y ′2X71 + 2y ′X72 − X73(wxyyyy ′y ′) = Z6
R,

X74(wyyyyy ′y ′) = y ′X73 − y ′2X72 + y ′3X71 − Z4X70,

X75(wxxxy ′y ′y ′) = ∂Sxxx
+ ∂Rxxy′ + ∂Qxy′y′ + ∂Py′y′y′ ,

X̄76 = 3y ′X75 − X76(wxxyy ′y ′y ′) = Z4
S + Z7

R + Z9
Q,

X̄77 = 3y ′2X75 − 2y ′X76 + X77(wxyyy ′y ′y ′) = Z5
S + Z8

R,

X̄78 = y ′3X75 − y ′2X76 + y ′X77 − X78(wyyyy ′y ′y ′) = Z6
S,

X79(wxxy ′y ′y ′y ′) = ∂Sxxy′ + ∂Rxy′y′ + ∂Qy′y′y′ ,

X̄80 = 2y ′X79 − X80(wxyy ′y ′y ′y ′) = Z7
S + Z9

R,

X̄81 = y ′2X79 − y ′X80 + X81(wyyy ′y ′y ′y ′) = Z8
S,

X82(wxy ′y ′y ′y ′y ′) = ∂Sxy′y′ + ∂Ry′y′y′ ,

X̄83 = y ′X82 − X83(wyy ′y ′y ′y ′y ′) = Z9
S,

X84(wy ′y ′y ′y ′y ′y ′) = ∂Sy′y′y′ .

Appendix B. Maple program for obtaining the operators X1, . . . ,X84

To obtain all the operators X1, . . . , X84 of system (16) we have used the Maple code given
below. Here we denote z = y ′ and d = ∂ . For brevity in arrays Dif and T we write in detail
only the sequences of derivatives for the function P. They are followed by dots, which should
be replaced by similar expressions for the functions Q,R and S. In arrays A, B dots should
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be replaces by missing derivatives of w in accordance with the numeration of operators Xi in
appendix A.

[> restart;
[> alias(w=w1(x, y, z), P=P1(x, y, z), Q=Q1(x, y, z), R=R1(x, y, z), S=S1(x, y, z));
B and A are the arrays of all derivatives of the function w(x, y, y ′) up to the sixth order and
their notations, respectively

[> B := array(1..84, [w, diff(w, x), diff(w, y), diff(w, z), diff(w, x, x), . . . ,

diff(w, z, z, z, z, z, z)]);
[> A := array(1..84, [W, Wx, Wy, Wz, Wxx, . . . , Wzzzzzz]);

A1 is the set of substitutions of the form B[i]=A[i]

[> A1 := {} : for i from 1 to 84 do A2 := A1 union B[i] = A[i]; A1 := A2; end do :

Dif is the array of partial differentiations ∂x, ∂y, ∂y ′ , ∂P , ∂Q, ∂R, ∂S, ∂Px
, . . . , ∂Sy′y′y′ in the

prolonged operator X̃

[> Dif := array(1..83, [dx, dy, dz, dP, dQ, dR, dS, dPx, dPy, dPz, . . . , dPxx, dPxy,

dPyy, dPxz, dPyz, dPzz, . . . , dPxxx, dPxxy, dPxyy, dPyyy, dPxxz, dPxyz,

dPyyz, dPxzz, dPyzz, dPzzz, . . .]);
[> Dif1 := convert(Dif, set) :

T is the array of variables T in prolongation formula (14)

[> T := array(1..43, [x, y, z, P, Q, R, S, diff(P, x), diff(P, y), diff(P, z), . . . ,

diff(P, x, x), diff(P, x, y), diff(P, y, y), diff(P, x, z), diff(P, y, z),

diff(P, z, z), . . .]);
C is the array of coordinates of the prolonged operator X̃

[> C := array(1..83) :

First 7 entries in the array C are defined by (5), (6)

[> C[1] := −diff(w, z);
[> C[2] := w − z∗diff(w, z);
[> C[3] := diff(w, x) + z∗diff(w, y);
[> C[4] := diff(w, x, x, x) + 3∗z∗diff(w, x, x, y) + 3∗ẑ 2∗diff(w, x, y, y)

+ẑ 3∗diff(w, y, y, y) − 3∗Q∗(diff(w, x, x) + 2∗z∗diff(w, x, y) + ẑ 2∗diff(w, y, y))
+P∗(3∗diff(w, x, z) + 3∗z∗diff(w, y, z) + diff(w, y));

[> C[5] := diff(w, x, x, z) + 2∗z∗diff(w, x, y, z) + ẑ 2∗diff(w, y, y, z) + diff(w, x, y)

+z∗diff(w, y, y) − 2∗R∗(diff(w, x, x) + 2∗z∗diff(w, x, y) + ẑ 2∗diff(w, y, y))
+Q∗(diff(w, x, z) + z∗diff(w, y, z)) + P∗diff(w, z, z);

[> C[6] := diff(w, x, z, z) + z∗diff(w, y, z, z) + diff(w, y, z) − S∗(diff(w, x, x)
+2∗z∗diff(w, x, y) + ẑ 2∗diff(w, y, y)) − R∗(diff(w, x, z) + z∗diff(w, y, z)
+diff(w, y)) + 2∗Q∗diff(w, z, z);

[> C[7] := diff(w, z, z, z) − S∗(3∗diff(w, x, z) + 3∗z∗diff(w, y, z) + 2∗diff(w, y))
+3∗R∗diff(w, z, z);
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Coefficients ξx, ξy, ξy ′ in prolongation formula (14)

[> X := array(1..3, [diff(C[1], x), diff(C[1], y), diff(C[1], z)]);
Coefficients ηx, ηy, ηy ′ in prolongation formula (14)

[> Y := array(1..3, [diff(C[2], x), diff(C[2], y), diff(C[2], z)]);
Coefficients ζx, ζy, ζy ′ in prolongation formula (14)

[> Z := array(1..3, [diff(C[3], x), diff(C[3], y), diff(C[3], z)]);
Extension of operator X to the first-order derivatives of P,Q,R, S

[> for i from 4 to 7 do for j from 1 to 3 do

C[3∗i − 5 + j] := diff(C[i], T[j]) − diff(T[i], x)∗X[j] − diff(T[i], y)∗Y[j]

−diff(T[i], z)∗Z[j]; end do; end do;
Extension of operator X to the second-order derivatives of P,Q,R, S

[> for k from 1 to 4 do for j from 1 to 3 do for i from 3∗k + 5 to

3∗k + 4 + j do C[3∗k + 8 + 2̂ (j − 1) + i] := diff(C[i], T[j]) − diff(T[i], x)∗X[j]

−diff(T[i], y)∗Y[j] − diff(T[i], z)∗Z[j]; end do; end do; end do;
Extension of operator X to the third-order derivatives of P,Q,R, S

[> for k from 1 to 4 do for j from 1 to 3 do for i from 6∗k + 14 to

6∗k + 12 + 2̂ (j − 1) + j do C[4∗k + 20 + (j − 1)̂ 2 + i] := diff(C[i], T[j])

−diff(T[i], x)∗X[j] − diff(T[i], y)∗Y[j] − diff(T[i], z)∗Z[j];
end do; end do; end do;

In array C the derivatives of w(x, y, y ′) are replaced by their notations from array A

[> for i from 1 to 83 do C1[i] := subs(A1, C[i]); end do :

Display all the operators X1, . . . , X84

[> for i from 1 to 84 do l1 := 0; for j from 1 to 83 do l2 := l1;
l3 := coeff(C1[j], A[i], 1)∗Dif[j]; l1 := l2 + l3; end do;
print("Operator X", i, "is equal to", collect(l1, Dif1)); end do;
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